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The conservation equations — mass
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The conservation equations — mass, cont’d

Rate of change of mass within CV
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Net mass flow rate into CV.
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Net mass flow rate out of CV:
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The conservation equations — mass, cont’d

The previous formulation can be easily extended to a 3-D system as follows:

Scalar form: a_p n ﬂrﬂ'f-[.] ﬂfplg} N ﬁ':,ﬂ'W.:l

— where, ‘L"’=ui+r:-'j+wk
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It is of interest to us to know the mass conservation equation for the following cases:

du dvr dw

where, velocity and density BF' & pV - Vo oor - n 5 + = — 0

gradients are such that. ﬂt

Incompressible flow:

Cylindrical coordinates: 1o(rk) ; La(Ve) : alz
r dg dz

l r ar
Spherical coordinates: iﬁ V) +LM+L% 0

re  or sing dg sinf 06
where, V=1e,+ Ve, +Vzey

=0 where, V=V.e.+ Ve, + e,
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The conservation equations — momentum

Let’s consider x-component if the momentum conservation: o Mu) | |
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The conservation equations — momentum, cont’d

 Net forces: (1) Body forces, (11) Surface forces

* [n X-direction, the body force (assuming only gravity) on the CV Is
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The conservation equations — momentum, cont’d

« X-momentum equation:
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The conservation equations — momentum, cont’d

 Cauchy’s equation:

AV = =4 DV
ol— + (V- TV| = p—
| | M

o+ Voo

*;; IS not one of our primary unknowns.

* Primary unknowns are V, P, p, T

Express o;; as a function of the
Goal .
primary unknowns.
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Stokes’assumptions for a Newtonian fluid

*0;; Is at most a linear function of e;;. [stress Is a linear function of strain rate]

* Fluid i1s isotropic. [Independent of direction]

* When e;; = 0, 0;; 1d non-zero and Is equal to —P¢6;;. [Only normal (hydraulic pressure) stress can exist. ]
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Navier-Stokes Equation

Lr o, o _.Ir';I D I.-.I'

LT T} IT
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Moving fluids:
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Mechanical pressure: P 2 g + gy '
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Navier-Stokes Equation, cont’d
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X-momentum equation:
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Incompressible Navier-Slokes equation:
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The conservation equations

Incompressible confinuity equation:
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Solving Navier-Stokes Equations

Step 1: Define coordinate system
Step 2: Determine appropriate boundary conditions (BC

Step 3: Write out —- most Chtieal step ; fhﬂl ;aiu;pj:-u
otep 4: Cancel terms In :Dﬂtiﬂu]t}-‘ and N-S Equations based on
assumptions

Step 5: Evaluate continuity equation. Cancel additional terms Iin N-S Egns.
Step 6: Integrate remaining terms to get velocity equation (don 't forget

constant terms)
Step 7- Solve for constants using the boundary conditions (BC)
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What assumptions do we typically use?

Continuity Zp:' + % | a;::v ks %—f: =0

E.i_u+uﬁ+va_u+w@ ~ o ~dp ’u  u  9u
4\’ dx h oz ) T T a8 hv® 9z
. o T Ty T ) TP Ty T e T T a2
aw+“3w+_law+wa ] v ap+ 0" u +a3w+a3u
E— - L —— - | = - . ) 7 :.
Ao o T Ty T ) T T AR T a2
«  Sleady

* Fully developed

« 2D (e xandyonly)

« 1 component(ie. v=0)and w=0)
+ Neglect gravity
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Assumptions cancel N-S terms (steady)

dpu  dpv  dpw  dp

o oy T oz Tar 0

Continuity

g,

ap (alu d°u BEH]
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Jv dv Jv dv
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Navier-Stokes [

Equations ~ " o x
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Assumptions cancel N-S terms (fully developed)

dpu  dpv  dpw  dp

Continuit + —+ + =0
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Assumptions cancel N-S terms (2D)
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Assumptions cancel N-S terms (1 component v=w=0)

dpu  dpv  dpw  dp
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Example

« Consider steady, incompressible, laminar flow of a Newtonian fluid in the narrow gap between two Infinite
parallel plates (Fig. 9-55). The top plate is moving at speed V, and the bottom plate Is stationary. The distance
between these two plates Is h, and gravity acts In the negative z-direction. There Is no applied pressure other
than hydrostatic pressure due to gravity. Calculate the velocity and pressure fields, and estimate the shear force
per unit area acting on the bottom plate. .

{ .
Moving plate

h Fluid: g, u

Fixed plate

¥
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